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1. Introduction
The theory of hyperbolic systems has been very studied since Smale [23] proposed it, mainly
focused on uniform hyperbolicity. Since the 90’s many researchers attempt to extend these concepts
and results to a scenario beyond uniform hyperbolicity.
In this direction, there exist various concepts. For instance, nonzero Lyapunov exponents, domi-
nated splittings, partial hyperbolicity and so on.
Many recent studies relate weak and uniform hyperbolicity. In [12], where the authors introduce
a notion of nonuniformly hyperbolicity for the set of periodic points of a diffeomorphism f and using
the shadowing property they prove that this leads to hyperbolicity. Another examples are the results
in [2] and [10], where the positiviness of the Lyapunov exponents is used to deduce that some local
diffeomorphisms are uniformly expanding.
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2928 A. Arbieto, L. Salgado / J. Differential Equations 250 (2011) 2927–2939Hyperbolic theory also applies to vector ﬁelds. In the regular case (absence of equilibria and global
hyperbolicity), the study of Anosov ﬂows is a standard theme. On the other hand, if we allow singu-
larities, there are systems presenting a mild form of weak hyperbolicity and some robust dynamical
properties, but they are not structurally stable, they are called nowadays sectional Anosov ﬂows [19].
The well known Lorenz attractor belongs to this class, see [24]. By a sectional hyperbolic set we mean
a compact and invariant set of a vector ﬁeld in a manifold (possibly with boundary) such that the
tangent bundle on it has a dominated splitting, where the area along any two-planes inside one of
subbundles is uniformly expanded, any vector along the other subbundle is uniformly contracted and
all of its singularities are hyperbolic or for −X . There is a recent great interest to understand these
ﬂows and its dynamical properties, see [5,6,3,4,8,19], for instance.
In [5], the ﬁrst author gives a characterization of sectional-Anosov ﬂows based on Lyapunov ex-
ponents and sectional Lyapunov exponents. The latter are deﬁned using the second exterior power of
the derivative cocycle.
In this note, we extend the deﬁnition of nonuniformly hyperbolic set, introduced in [11], to the
sectional hyperbolic context. Namely, we deﬁne nonuniformly sectional hyperbolic sets. Using the ideas
and some results from [5] and the techniques from [11], we prove that if an open subset U of the
space X1(M) of C1-vector ﬁelds contains a residual subset S whose elements have a nonuniformly
sectional hyperbolic critical set, then U has a residual subset whose elements are vector ﬁelds with
sectional hyperbolic nonwandering set. Actually, we also have another reformulation of our result in
terms of residual sets. Furthermore, using suspensions we reobtain the analogous result in [11], thus
a residual subset of Axiom A diffeomorphisms.
This paper is organized as follows. In the second section, we deﬁne the notions cited above pre-
cisely and state our main results. In the third section, we study the denseness of periodic measures
and present the so called Mañé’s general density theorem for vector ﬁelds. For this, we rely on the
methods found in [1], for the discrete case. In the fourth section, we prove our main result. Finally,
in the last section we give a proof of a version of our main theorem in terms of residual subsets. We
also include an Appendix A to discuss the analogous result for incompressible ﬂows.
2. Statement of the results
In this paper M will be a C∞ n-dimensional connected compact Riemannian manifold, M may
have boundary or not (if the boundary is empty we say that the manifold is closed). We will assume
that X is inwardly transverse to the boundary ∂M and we will denote the generated ﬂow as Xt .
The maximal invariant set of the ﬂow is deﬁned as M(X) = ⋂t0 Xt(M). We say that a subset
S ⊂ M(X) is an invariant set if Xt(S) = S for every t ∈ R. An invariant set S is isolated if there exists
a neighborhood U of S such that
⋂
t∈R Xt(U ) = S .
As usual, we say that a singularity σ is hyperbolic if the eigenvalues of DX(σ ) have nonzero real
part. The set of critical points Crit(X) is the union of the singularities and periodic orbits of X .
As usual, we say that an invariant subbundle FΛ ⊂ TΛM over Λ ⊂ M is:
1. contracting if there are positive constants K , λ, such that
‖DXt |Fx‖ Ke−λt, for all x ∈ Λ, for all t > 0;
2. expanding if FΛ is contracting for the reversed vector ﬁeld −X .
To introduce the notion of a sectionally expanding subbundle (Deﬁnition 2.3 of Metzger–Morales
in [20]), observe that if FΛ is a continuous and invariant bundle over a compact set Λ then there
is a disjoint union Λ = Λ1, . . . ,Λk of compact sets Λi such that each subbundle FΛi has constant
dimension. This decomposition is called the FΛ-constant decomposition of Λ.
2.1. Deﬁnition. An invariant subbundle FΛ ⊂ TΛM over Λ ⊂ M is sectionally expanding if each sub-
bundle FΛi in the FΛ-constant decomposition of Λ satisﬁes one of the following two alternatives:
A. Arbieto, L. Salgado / J. Differential Equations 250 (2011) 2927–2939 29291. dim(FΛi ) = 1 and FΛi is expanding;
2. dim(FΛi )  2 and there are positive constants K , λ such that for every x ∈ Λi and every two-
dimensional subspace Lx ⊂ Fx one has∣∣det(DXt(x)|Lx)∣∣ Keλt, for all t > 0.
2.2. Deﬁnition. (See [20, Deﬁnition 2.6].) A dominated splitting over a compact invariant set Λ of X
is a continuous invariant direct sum TΛM = EssΛ ⊕ EcΛ with Essx = {0}, Eux = {0}, for every x ∈ Λ, such
that there are positive constants K , λ with:
‖DXt |Essx ‖‖DX−t |EcXt (x)‖ < Ke
−μt, for all x ∈ Λ, for all t > 0.
A compact invariant set Λ is said to be partially hyperbolic if it exhibits a dominated splitting TΛM =
EssΛ ⊕ EcΛ such that subbundle EssΛ is contracting. In that case we say that EcΛ is the central subbundle
of Λ.
Finally, the authors in [20] given the following.
2.3. Deﬁnition. (See [20, Deﬁnition 2.7].) A sectional hyperbolic set is a partially hyperbolic set whose
singularities are hyperbolic and whose central subbundle is sectionally expanding.
2.4. Deﬁnition. A vector ﬁeld X ∈ X1(M) is sectional Axiom A if the nonwandering set Ω(X) is the
closure of the critical elements of X , sectional hyperbolic and it has spectral decomposition (see [21]
for the precise deﬁnition of spectral decomposition).
In what follows, we will deﬁne the concept of nonuniformly sectional hyperbolic set. First, we
recall that given E a vector space, we denote by Λ2E the second exterior power of E , deﬁned as
follows. If v1, . . . , vn is a basis of E then Λ2E is generated by {vi ∧ v j}i = j . Any linear transformation
A : E → F induces a transformation Λ2A : Λ2E → Λ2F . Moreover, vi ∧ v j can be viewed as the 2-
plane generated by vi and v j if i = j. Reciprocally, if Lx is a 2-plane, then it can be seen as v˜ ∈
Λ2(Fx) − {0} (with norm one, if we want). Hence, to obtain the sectional expansion we only need
to show that for some μ > 0 and every t > 0 the following inequality holds for all v˜ ∈ Λ2(Fx) − {0},
|˜v| = 1, ∥∥Λ2DXt(x).˜v∥∥> Ceμt .
From now on, we use Λ2DXs|F instead Λ2DXs|Λ2 F , for simplicity.
2.5. Deﬁnition. An invariant set Λ ⊂ M is a nonuniformly sectional hyperbolic set if
1. There exists a dominated splitting TΛM = E ⊕ F .
2. There exists λ < 0 such that for any p ∈ Λ the following inequalities hold
lim inf
t→∞
1
t
t∫
0
log
∥∥DX1(Xs(p))∣∣E Xs(p)∥∥ds λ
and
lim inf
t→∞
1
t
t∫
0
log
∥∥[Λ2DX1(Xs(p))∣∣F Xs(p)]−1∥∥ds λ.
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hyperbolic set if
1
t(p)
t(p)∫
0
log
∥∥DX1(Xs(p))∣∣E Xs(p)∥∥ds λ
and
1
t(p)
t(p)∫
0
log
∥∥[Λ2DX1(Xs(p))∣∣F Xs(p)]−1∥∥ds λ.
And if {σ } is a singularity which is a nonuniformly sectional hyperbolic set then we have
log
∥∥DX1(σ )∣∣Eσ ∥∥ λ and log∥∥[Λ2DX1(σ )∣∣Fσ ]−1∥∥ λ.
We recall that a residual subset R of X1(M) is a countable intersection of open and dense sets.
In particular, by Baire’s theorem, any residual subset is a dense set. Moreover, if a property (P ) holds
for a residual subset then we will say that (P ) holds generically.
Our main theorem is the following
2.7. Theorem. Let U ∈ X1(M) be an open subset. Suppose that for any X in some residual subset S of U , the
critical set Crit(X) is a nonuniformly sectional hyperbolic set. Then, there exists a residual subset A of U whose
elements have sectional hyperbolic nonwandering set.
2.8. Remark. Note that, if the manifold M is closed and three-dimensional, then the elements of A
also are sectional Axiom A.
Indeed, let X ∈ S , we can suppose that the critical set is nonuniformly sectional hyperbolic. In
particular, by Deﬁnition 2.5, F must be two-dimensional and E must be one-dimensional. Hence,
there are no sinks nor sources. Now we apply,
2.9. Theorem. (See [21].) Let M be a three-dimensionalmanifold. A C1-generic vector ﬁeld X ∈X1(M) satisﬁes
only one of the following properties:
1. X has inﬁnitely many sinks or sources;
2. X is sectional Axiom A without cycles.
This concludes the remark.
Moreover, using suspensions, our theorem implies a result found in [11]. First, we recall his notion
of nonuniformly hyperbolic sets for diffeomorphisms.
2.10. Deﬁnition. Let f : M → M be a diffeomorphism on a compact manifold M . We say that an
invariant set X ⊂ M is a nonuniformly hyperbolic set, if and only if, there exist a Df -invariant splitting
T XM = Ecs ⊕ Ecu and λ < 0, such that any point p ∈ X satisﬁes:
lim inf
n→∞
1
n
n−1∑
j=0
log
∥∥Df ( f j(p))∣∣Ecs( f j(p))∥∥ λ
and
lim inf
n→∞
1
n
n−1∑
j=0
log
∥∥Df ( f j(p))∣∣Ecu( f j(p))∥∥−1  λ.
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that, for any f in some residual S ⊂ U , the set of periodic points of f , Per( f ) ⊂ M, is nonuniformly hyperbolic
and TPer( f )M = Ecs ⊕ Ecu is a dominated splitting. Then, there exists a residual subset A ⊂ U whose elements
are Axiom A diffeomorphisms.
Proof. Let f ∈ S , ﬁrst suppose that S is a residual subset of a small neighborhood of f , which we will
call U too. Now, we suspend f to a vector ﬁeld X over the suspension manifold M˜ = (M × [0,1])/∼ ,
and take a small neighborhood of X , we denote by Xt the generated ﬂow. In particular, for every Y
in this neighborhood, we have ‖Y − X‖ < ε1 for some ε1 > 0 small, Y has no singularities and M0 =
M × {0} is a global cross-section for Y .
First, we observe that the ﬂow of any vector ﬁeld Y in this small neighborhood of X is a (C1-close
to the identity) reparametrization of a suspension ﬂow of some diffeomorphism of U . Moreover, if we
denote by gY the Poincaré ﬁrst return map to M0 and τY the return time, then for some small ε0 > 0
we have
‖τY − 1‖C1  ε0.
If gY belongs to S then Crit(Y ) is nonuniformly sectional hyperbolic. Indeed, for every periodic
orbit p of Y we deﬁne the subbundle E to be Ecs and the subbundle F as Ecu ⊕〈X〉 and this splitting
is dominated (recall that Y is a reparametrization of a suspension ﬂow).
Let λ < 0 be the constant that appears in the deﬁnition of nonuniformly hyperbolic set for gY .
Let p be a periodic point of Y , we can assume that p ∈ M0. If t(p) ∈R is the period of p with respect
to Y and k is the period of p with respect to gY then∣∣t(p) − k∣∣< kε0.
Hence, putting I := 1t(p)
∫ t(p)
0 log‖DY1(Ys(p))|EYs (p)‖ds, we obtain
I  1
k(1− ε0)
k−1∑
j=0
log
∥∥DgY (g jY (p))∣∣Ecs(g jY (p))
∥∥+ 1
k(1− ε0) (kε0) log‖DY‖L
∞
<
λ
1− ε0 +
ε0
1− ε0 log
(‖DX‖L∞ + ε1)
< λ′ < 0,
since we can choose ε0 and ε1 are small. Doing an analogous calculation for the F direction we obtain
that Crit(Y ) is a nonuniformly sectional hyperbolic set. Since the set of vector ﬁelds in this neighbor-
hood such that gY ∈ S is a residual subset of U we can apply Theorem 2.7, obtaining a residual subset
of U formed by vector ﬁelds with Ω(X) sectional hyperbolic.
Actually, these ﬂows are Axiom A. Indeed, since there are no singularities we can use the hyper-
bolic lemma (see [9], or [3]) to conclude that the nonwandering set is hyperbolic. And, by Pugh’s
general density theorem, Ω(X) = Per(X). Moreover they are suspensions of diffeomorphisms on the
same manifold M (since they share the same global cross section). In particular, this imply that these
Axiom A diffeomorphisms form a residual subset of U .
Once we obtain local genericity of Axiom A diffeomorphism, the result follows. 
We end this section, pointing out that our main result can reformulated as follows.
2.12. Theorem. There exists a residual subset R ofX1(M) such that if the critical set of X ∈ R is nonuniformly
sectional hyperbolic then Ω(X) is sectional hyperbolic.
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In this section, following [1], we use Mañé’s ergodic closing lemma to show that for a C1-generic
ﬂow, the convex hull of critical measures is dense in the set of invariant measures of the ﬂow. A mea-
sure μ is a critical measure for a vector ﬁeld X if μ = δσ for some singularity σ or μ = 1t
∫ t
0 δXs(p)ds
for some periodic point p with period t .
We start with a deﬁnition of semicontinuity and well known topological lemma (see [16]):
3.1. Deﬁnition. Let X be a topological space and Y be a compact metric space. Denote by K(Y ) the
space of compact subsets of Y . A map Ψ : X → K(Y ) is:
1. lower-semicontinuous at a point x ∈ X whether for any open subset V ⊂ Y such that V ∩Ψ (x) = ∅,
there is a neighborhood U ⊂ X of x such that V ∩ Ψ (z) = ∅ for every z ∈ U ;
2. upper-semicontinuous at a point x ∈ X whether for any open subset V ⊂ Y such that V ⊃ Ψ (x),
there is a neighborhood U ⊂ X of x such that V ⊃ Ψ (z) for every z ∈ U .
If Ψ is lower(upper)-semicontinuous at every point x ∈ X , we simply say that it is a lower(upper)-
semicontinuous map.
3.2. Lemma. Let X be a Baire space and Y be a compact metric space. If Ψ : X → K(Y ) is a lower-
semicontinuous, or upper-semicontinuous, map then there exists a residual subset R ⊂ X whose the elements
are continuity points of Ψ .
We say that a point x ∈ M \ Sing(X) is δ-good if, for any C1 neighborhood U ⊂X1(M) of X , there
exist a vector ﬁeld Z ∈ U , a point z ∈ M and T > 0 such that:
1. ZT (z) = z,
2. Z = X on M \ Bδ(X[0,T ](x)) and
3. dist(Zt(z), Xt(x)) < δ, ∀0 t  T .
We denote by Σ(X) the set of points of M which are δ-good for any δ suﬃciently small.
Let Z be a compact metric space and denote M(Z) the set of probabilities measures on the Borel
σ -algebra of Z . If T : Z → Z is a measurable map, we say that a probability measure μ is an invariant
measure of T , if μ(T−1(A)) = μ(A), for every measurable set A ⊂ Z . We say that μ is an invariant
measure of X if it is an invariant measure of Xt for every t ∈ R. We will denote by MX the set of all
invariant measures of X . A subset Y ⊂ Z has total probability if for every μ ∈ MX we have μ(Y ) = 1
(see [18]).
We recall that a probability measure μ is an ergodic measure if for every invariant set A we have
μ(A) = 1 or μ(A) = 0. Finally, a certain property is said to be valid in μ-almost every point if it is
valid in the whole Z except, possibly, in a set of null measure.
3.3. Theorem (Mañé’s ergodic closing lemma). (See [13] and [17].) Let μ be any X-invariant Borel probability
measure. Then, μ(Sing(X) ∪ Σ(X)) = 1.
In other words, almost every point is δ-good. This theorem implies that any ergodic measure can
be well approximated by critical measures after perturbations.
We recall that K (M) := {C ⊂ M, C is compact} is compact when endowed with the Hausdorff
metric:
dH (K1, K2) = sup
x∈C1, y∈C2
{
d(x,C2) + d(y,C1)
}
.
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MX are neighborhoods of X and μ respectively, then there exists a vector ﬁeld Y ∈ U with a critical orbit γ
such that if μγ is the critical measure associated to γ then
μγ ∈ V
and
sup
{
d(x, γ ) + d(y, supp(μ)); x ∈ supp(μ) and y ∈ γ }< .
Proof. Let F = {ϕ1, . . . , ϕN} be a ﬁnite set of functions in C0(M,R) = {ϕ : M → R;ϕ is a continuous
function} and consider a neighborhood of μ in MX :
V := V(μ,F,α) =
{
ν ∈ MX ;
∣∣∣∣
∫
M
ϕ dμ −
∫
M
ϕ dν
∣∣∣∣< α
}
where α > 0 is a given real number.
Mañé’s ergodic closing lemma implies that almost every orbit can be C1-perturbed to become
a critical orbit in such a way that it shadows the original orbit along its period.
If μ is supported on a singularity, we are done. Otherwise, let x ∈ Σ(X) be a typical point (in the
Birkhoff sense), by ergodicity of μ, we have
lim
t→∞
1
t
t∫
0
ϕ
(
Xs(x)
)
ds =
∫
M
ϕ dμ, ∀ϕ ∈ F .
Hence, there exists T > 0 such that
∣∣∣∣∣1t
t∫
0
ϕ
(
Xs(x)
)
ds −
∫
M
ϕ dμ
∣∣∣∣∣< η, ∀t  T , ∀ϕ ∈ F and η small.
By the continuity of ϕ ∈ F , for every  > 0, exists a δ > 0 such that d(x, y) < δ implies
|ϕ(x) − ϕ(y)| <  . Since x is a δ-good point, for any V ⊂ X1(M) neighborhood of X , there ex-
ist Y ∈ V , a point y ∈ M and t(y) > T such that Yt(y)(y) = y, Y = X in M \ Bδ(X[0,t(y)](x)) and
d(Yt(y), Xt(x)) < δ. If x is a periodic point, there is nothing to do. Hence, we can assume that x is not
periodic and this implies that t(y) can be taken large enough.
Therefore,
∣∣ϕ(Xs(x))− ϕ(Ys(y))∣∣< , ∀0 < s t(y).
Hence, for every t(y) T , we have,
∣∣∣∣∣ 1t(y)
t(y)∫
ϕ
(
Xs(x)
)
ds − 1
t(y)
t(y)∫
ϕ
(
Ys(y)
)
ds
∣∣∣∣∣< 1t(y)
t(y)∫
 ds = .
0 0 0
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∫ t(y)
0 δYs(y) ds is the periodic measure supported in the orbit of y and
ϕ ∈ F is a continuous function then
1
t(y)
t(y)∫
0
ϕ
(
Ys(y)
)
ds =
∫
M
ϕ dμy .
We claim that μy and μ are close in the weak topology. Indeed, denoting t = t(y) for simplicity,
∣∣∣∣
∫
M
ϕ dμ −
∫
M
ϕ dμy
∣∣∣∣
∣∣∣∣∣
∫
M
ϕ dμ − 1
t
t∫
0
ϕ
(
Xs(x)
)
ds
∣∣∣∣∣
+
∣∣∣∣∣1t
t∫
0
ϕ
(
Xs(x)
)
ds − 1
t
t∫
0
ϕ
(
Ys(y)
)
ds
∣∣∣∣∣
+
∣∣∣∣∣1t
t∫
0
ϕ
(
Ys(y)
)
ds −
∫
M
ϕ dμy
∣∣∣∣∣<  + η.
Therefore, putting α =  + η we have
μγ ∈ V.
Moreover, since x belongs to Σ(X) we can take δ < 3 , so if x ∈ supp(μ) and y ∈ γ implies that
sup
{
d(x, γ ) + d(y, supp(μ)); x ∈ supp(μ) and y ∈ γ }< ,
i.e., γ and supp(μ) are close in the Hausdorff distance. 
3.5. Theorem. Let μ ∈ MX (M) be an ergodic measure of a C1-generic vector ﬁeld X. Then, for any neighbor-
hood U ⊂ MX (M) of μ and any neighborhood V ∈ K (M) of supp(μ) there exists γ a critical orbit of X , such
that the critical measure μγ belongs to U and supp(μγ ) ∈ V .
Proof. Let M1(X) be the set of probabilities invariant to the ﬂow generated by X . Hence, M1(X) is
a compact space in the weak∗-topology.
Moreover, denote Merg(X) the set of ergodic invariant probabilities.
We know that G12 = {X ∈X1(M); x is hyperbolic, ∀x ∈ Crit(X)} is a residual set in X1(M).
Consider the map
Ψ :X1(M) → K (M(X) × K (M)),
X → {(μγ ,γ ); γ is a critical element},
where μγ is the periodic probability whose support is γ . We endow K (M(X) × K (M)) with the
product metric.
Note that Ψ is a lower-continuous map on G12, since hyperbolic critical elements are robust. By
Lemma 3.2, exists a residual subset R ⊂ G12 such that Ψ |R is continuous.
Let X ∈ R and μ be an ergodic measure of X . Choose a μ-generic point x ∈ M and V a neighbor-
hood of (μ, supp(μ)) ∈ K (M(X) × K (M)). Take V˜ ⊂ V a compact set containing (μ, supp(μ)).
We need to prove that Ψ (X) ∩ V˜ = ∅.
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exhibiting critical orbits yn shadowing the X-orbit of x:
In fact, we can take Yn ∈ R by the following argument: First, we can approximate the vector ﬁeld
by another with a critical orbit γ such that (μγ ,γ ) is close to (μ, supp(μ)), the second we turn γ
hyperbolic and, because R is residual and by the robustness of the critical orbit, we can take the
vector ﬁeld inside R and (μγ ,γ ) ∈ Ψ (Yn) ∩ V˜ = ∅.
So, by Corollary 3.4,
μyn −→︸︷︷︸
weak∗
μ and dH
(
yn, supp(μ)
)
< .
Then, if n is suﬃciently large, we have (μyn , yn) ∈ V˜ ∩ Ψ (Yn). So, by the continuity of Ψ |R and the
compactness of V˜ we get Ψ (X) ∩ V˜ = ∅. 
Using the ergodic decomposition theorem for ﬂows,1 we obtain the following result:
3.6. Theorem. Let X : M → TM be a vector ﬁeld andμ ∈ MX . Then for all neighborhood V ⊂ MX ofμ there
are a ﬁnite set of ergodic measuresμ1, . . . ,μk ∈ MX (M) and positive numbers α1, . . . ,αk with∑ki=1 αi = 1
such that
α1μ1 + · · · + αkμk ∈ V.
Hence, we obtain the following, using the same arguments as in [1].
3.7. Corollary (Mãné’s ergodic general density theorem). There exists a residual set R ⊂X1(M) such that for
any X ∈ R every X-invariant measure μ is approached by a measure ν which is a limit of a convex sum of
ergodic measures supported on critical orbits.
4. Proof of Theorem 2.7
From now on, S will be an invariant compact subset of M(X). We say that a family of func-
tions { ft : S → R}t∈R is X-subadditive if for every x ∈ S and t, s ∈ R we have that ft+s(x)  f s(x) +
ft(Xs(x)). The subadditive ergodic theorem (see [15]) shows that the function f (x) = lim inft→+∞ ft (x)t
coincides with f˜ (x) = limt→+∞ 1t ft(x) in a set of total probability. Moreover, for any invariant mea-
sure μ we have that
∫
f˜ dμ = limt→+∞
∫ ft
t dμ.
We also recall the following result from [5]:
4.1. Proposition. (See [5, Proposition 3.4].) Let {t → ft : S → R}t∈R be a continuous family of continuous
functions which is sub-additive and suppose that f (x) < 0 in a set of total probability. Then there exist con-
stants C > 0 and λ < 0 such that for every x ∈ S and every t > 0:
e ft (x)  C−1e λt2 .
We can improve this as follows:
1 Actually, the ergodic decomposition theorem holds for group actions, if the group is a locally compact second countable
topological group. In particular, it holds if the group is R. See [14].
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and suppose that
∫
f˜ (x)dμ < 0 for every μ ∈ MX , with f˜ (x) := limt→+∞ 1t ft(x). Then there exist a T > 0
and a constant λ < 0 such that for every x ∈ S and every t  T :
ft(x) λt.
Proof. Let μ be an ergodic measure of X . By ergodicity, we have that f (x) = ∫ f˜ dμ for μ-almost
every x. Since this holds for every ergodic measure, using the hypothesis we obtain that f (x) < 0 in
a set of total probability.
Thus, by the previous propositions, there exist C > 0 and λ′ < 0 such that for every t > 0:
e ft (x)  C−1e λ
′t
2 .
Equivalently,
1
t
ft(x)
logC−1
t
+ λ
′
2
.
So, there exist λ < 0 and T > 0 such that if t  T then
1
t
ft(x) λ. 
4.3. Corollary. Let {t → ft : S →R}t∈R+ be a continuous family of continuous functions which is subadditive
and suppose that
∫
f1 dμ < λ < 0 for every μ ∈ MX . Then, there exist T > 1 and λ′ < 0 such that for every
t  T and for every x ∈ S
ft < λ
′t.
Proof. By subadditivity, writing t = q + r with q ∈ N, r ∈ [0,1] and using the invariance of the mea-
sure, we have∫
ft(x)dμ
∫
fq
(
Xr(x)
)
dμ +
∫
fr(x)dμ =
∫
fq(x)dμ +
∫
fr(x)dμ

q∑
i=1
∫
f1(x)dμ +
∫
fr(x)dμ.
But, since S is compact, we have that { fr}r∈[0,1] is uniformly bounded. So, there is a constant k such
that
∫
fr(x)dμ < k. Therefore, ∫
ft dμ < q · λ + k.
So, there is a γ < 0 such that if t is large then∫
ft
t
dμ <
q · λ
t
+ k
t
< γ .
Thus, we can use Corollary 4.2, and so there are T > 1 and λ′ < 0 such that for every t  T we have
ft < λ
′t. 
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and Pugh’s closing lemmas, respectively and K S is the residual set of Kupka–Smale ﬂows. Thus, we
have Ω(X) = Crit(X) and every invariant probability μ to X is approached for a measure ν which is
a convex sum of ergodic probabilities supported in critical orbits. As above, Xt is the ﬂow generated
by X .
Deﬁne f1 := log‖DX1|E‖, ft := log‖DXt |E‖, t  0, which are continuous functions because the
subbundle E is continuous.
Since X ∈ S there exists λ < 0 such that for any critical orbit p with period t(p), we have
∫
Ω(X)
f1 dμp = 1
t(p)
t(p)∫
0
f1
(
Xs(p)
)
ds λ < 0,
where μp = 1t(p)
∫ t(p)
0 δXs(p) ds is the ergodic probability supported on the orbit of p. Using Corol-
lary 3.7, we obtain that for every μ ∈ M1(X):∫
Ω(X)
f1 dμ λ < 0.
Now, applying Corollary 4.3 we obtain that exists λ′ < 0 such that
ft < λ
′t.
Analogously, deﬁning ft := log‖[Λ2DXt |F ]−1‖. We obtain,
log
∥∥[Λ2DXt∣∣F ]−1∥∥< λ′t.
Therefore, Crit(X) is a sectional hyperbolic set.
The proof is now complete. 
5. Proof of Theorem 2.12
We observe that Kupka–Smale’s theorem implies that the map Ψ :X1(M) → K(M) deﬁned by:
Ψ (X) = Crit(X),
is a lower-semicontinuous map on G12 ⊂X1(M) if we endow K(M) with the Hausdorff topology. So,
by Lemma 3.2, there exists a residual set R ⊂ G12 such that any X ∈ R is a continuity point of Ψ .
We recall that R is still a residual subset of X1(M) because it is contained in a residual set in X1(M).
Let X ∈ R be a vector ﬁeld such that Crit(X) is a nonuniformly sectional hyperbolic critical set.
By Pugh’s and Mañé’s closing lemmas, we can assume that Ω(X) = Crit(X) and every ergodic and
X-invariant probability can be approached by a measure which is a convex combination of ergodic
measures supported on critical orbits of X .
Therefore, doing analogous computations as in the proof of Theorem 2.7 we obtain that Ω(X) is
a sectional hyperbolic set.
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In this appendix we discuss our results for incompressible ﬂows. First we set the scenario.
We will denote by X1m(M) the set of C
1 vector ﬁelds over the Riemannian manifold M which are
divergence free. In particular, by Liouville’s identity, the generated ﬂow is volume preserving, hence
the ﬂow is called an incompressible ﬂow. We endow X1m(M) with the C
1-topology, and it becomes
a Baire space.
Our main result in this scenario becomes the following.
A.1. Theorem. Let M be a closed Riemannian manifold and U be an open subset of X1m(M). Suppose that for
any X in some residual subset S of U , the critical set Crit(X) is a nonuniformly sectional hyperbolic set. Then,
there exists a residual subset A of U whose elements are Anosov ﬂows.
We indicate the necessarily modiﬁcations in the proof of the previous case. First, we observe that
we used Pugh’s general density theorem and Mañé’s ergodic closing lemma. Both of these theorems
are true for incompressible ﬂows, see [7].
However, the full Kupka–Smale theorem only holds if the dimension of the manifold is greater
than three, due to the presence of elliptic periodic orbits if the dimension is three. Even so, in the
three-dimensional case it is true that there exists an open and dense set of incompressible ﬂows, such
that any singularity, if it exists, is hyperbolic, see [22]. We observe that in the previous proof we used
this property only.
Moreover, since the ﬂow is incompressible, we have that the nonwandering set is the whole man-
ifold, due Poincaré recurrence theorem. Hence, using the proof of Theorem 2.7 we obtain that M is
a sectional hyperbolic set for any X ∈ A. Now, we recall the following proposition found in [9].
A.2. Proposition. Let Λ be a sectional hyperbolic set. If σ is a singularity then W ss(σ ) ∩ Λ = {σ }, where
W ss(σ ) is the strong stable manifold of σ .
This proposition implies that M has no singularities. Hence M is a hyperbolic set, thus X ∈ A is
Anosov.
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